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1 Introduction 


In this paper, we consider a boundary value problem 

{ Ut = {u^~^Ux)x + 0 < x < 1, t > 0, 

^3;|a:=0 0, Wa;|3;=l U , t ^ 0, (1.1) 

u\t=o = Uq, 0 < x < 1. 

Where —l<m<0, 0<p<l, 2 — m < a and 0 < Uo{x) < M, uo(x)dx > 0. 

The equation in (1.1) arises in many applications in physics and chemistry . For 
example, it has been proposed for m = | in plasma physics ([S]), and for m = — 1 in the 
heat conduction in solid hydrogen ([7]). 

Although there are many results for m > 0, the situation is completely different 
for m < 0, where the equation becomes singular since blows up as u —)■ 0 and 
/o7o u^dxdr can be unbounded. Thus there is essential singularity in (1.1) when u = 0. 
Some authors have discussed the similar problems with mq > 0. For example, for positive 
initial value mq, H. Zhang m) discussed the Cauchy problem for m G (—1,0] with the 
conditions 

lim = A, lim u = 1. 

X—> — oo X >- + 00 

Where, A > 0. The author also discussed the first boundary value problem for —1 < m < 0 
but tio > 0 ([I2])- In order to obtain our conclusions of the paper, we divide the range 
[0,+cxo) into two parts: [0,t*] and [t*,+oo). We first use Arzela’s theorem to prove that 
there exists a function u* which solves (1.1) on [0,1] x [0,t*]. Notice that ti*(x,t*) > 0 
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and M*(x, t*) is smooth, so we use u*{x, t*) as a new initial value and then obtain another 
solution u** on [0,1] x [t*, +cxd). Thus we obtain a solution 

^ \ u**{x,t), t e [t^,+oo). 

Finally, with a comparison theorem, we can prove the uniqueness and the continuous 
dependence on initial value. 

By a solution of (1.1), we mean a function u{x,t) is smooth enough and satishes the 
equation in (1.1), is continuous up to x = 0,1 and satishes the boundary condition of 
(1.1) and ^lim^ Jp \u — Uo\dx = 0. 

The following notations will be used throughout the paper: 

Gt = (0,1) X (0,T), G = (0,1) X (0, +cxd), uq = f u^dx. 

Jo 

The main results of our paper are as follows: 

Theorem Assume 


— l<m<0, 0<p<l, 2 — m < a, 0< 'Uo(x) < M, uq > 0. (1.2) 


Then there exists a unique global smooth positive solution u{x,t) to the problem (1.1) 
such that 

u E G°^{G) n ^([0, Too); L\0, 1)). 

If u,u are two solutions corresponding to uo,uo, then for any T > 0, there is a positive 
constant G such that 


\u — u\dx < C / l-Uo^holdx, fortG[0,T]. 


(1.3) 


2 Preliminary lemmas 

Lemma 1 Assume 0 < Uq < M and Uq be smooth enough. For any T > 0, if u{x, t) 
is a smooth positive solution to the problem (1.1) on Gt, then there exists a positive 
constant Co > 0 such that 

\\u\\l°°{Gt) ^ ^ 0 , 

where. 

Go = [{I - p)T + . 
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Proof: For any g > 0, we have 


U^^Ut = 


By Holder’s inequality, 


So, 


1 d 
1 + qdt 





vF^^dx 


< ( 


1+9 . 


( 2 . 1 ) 


1+9 < 1—p 

||m||li+9(0,i) < [(1+ l|wolliT^.(o,i)]^ 

< Co, for t G [0,T], g > 0. 


By [in](Th 2.8, p.25), \\u\\L^^Gr) < Co • 


( 2 . 2 ) 


Lemma 2 Assume uq and u{x,t) be as lemma 1, then 

|(m“)x| < Ct{1 + 1~^), for (x,t) e [0, 1] X (0,T). 

Where, g = i Ct depends on T, m, M,p and a. 


Proof: Set = V^, then 


+ (g - l)P'?-i--(P,)2 + -pi+^. 

Q 

Differentiating this equation with respect to x and then multiplying through by 14, letting 
Vx = h, yields 


- V-^hh. 


(3, - 2 - + -(1 + 

m q m 

+ (g-l)(g-l-^)P'?-2-^hh (2.3) 

m 


For any 0 < r < T, let 0(f) be a smooth function and 


0(f) = 


f < 0, 

0 < f < r, 
t > T. 


0 , 

monotone 

1 , 
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Thus there is a positive constant C* > 0 such that 0 < ^ < Set Z = (0/i)^. By 
P(Th.6, p.65), we have Z G C[Gt)- Clearly, Z\t=o = Z\x=o = 0 and (since ^ — 1 + a > 0) 


Z\x=l 



Let 


Z{xQ,to) 


if 0 < xo < 1 and to > 0, then 


max Z{x,t), 
(x,t)GGT 


Zt>0, Zx = 0, Zt — "^Zxx^O, 


Hence, 


(2.4) 


at (xq, to) • 


at (xo,to). 


Multiplying (2.3) by (fZ, we have 


m q m r 


at (xo,to). 


Since p < 1, m G (—1, 0) and q > 0, thus ^(1 + ^^) < 0. Thus we have 


(1 - q)iq - 1 - ^)Z < 

m T 


at (xo, to) • 


Notice that q = K , hence 

^ 2(m—1) ' 


Let 


Thus, 


(1 — q){q — 1 ——) > 0, + 1 — m > 0. 

m q 


_ 


^ + l-q 


(i-g)(g-i-^)' 


Z{xo,to) < 


^ + l-q 


T(l-g)(g-l-^) 


r 


(2.5) 
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Recall from Z{xo,to) that (2.5) holds for all {x,t) G (0,1) x (0,r), specially, for 0 < x < 
1, t = T (here, 0 = 1, Z = h^(x, r)), thus 

|h(x,r)| < (-)i for (x,r) G (0,1) x (0,r). 

T 

By (2.4), there is another positive constant Ct which depends on T,m,M,p and a such 
that 


\h{x,T)\ < \ — \Co 


+ i—v 


T 


< Ct{1 + t 2 ), for (x, r) G [0,1] X (0, T). 


The proof is complete. 


We notice that Ct increases with respect to Cq by (2.5) and Cq increases with respect 
to T by lemma 1. So we have 

Corollary If Ti < T 2 , then Ct^ < Ct 2 - 

Lemma 3 Assume no(3;) and u{x,t) be as lemma 1, then 

f u{x,t)dx > [{a + m — 2)t + f ul~'^~°'dx] i-m-a ^ fortG[0,r]. 

Jo Jo 

Proof: Multiplying to the equation in (1.1) yields 


2 — m — a ' ' m 

Because of 2 — m < a and m(x, t) > 0, thus 

d 


(^2-m-a)^ = . 


dt.l “ 


2—m—a 


SO 


dx = {2 — m — a)[{m — 1 + a) / u ^{uxYdx 

Jo 

+ f - 1 ] 

Jo 

< a + m — 2, 


pi 

u‘^-^-°‘dx < / ul~'^~°‘dx + {a + m — 2)t. 

) Jo 


( 2 . 6 ) 


By Holder’s inverse-inequalitvf |10] . Ch.2, Th.2.6), we have 
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Hence by (2.6), we have 


u{x,t)dx > [{a + m — 2 )t + 


u, 


2—m—a 
0 


dx]" 


Lemma 4 Assume Ui, U 2 G C([0, T], L^(0,1)) be two solutions corresponding to uio 
and U 20 , then 


1 rt 


\u2 — ui\dx < / \u2o — uio\dx+ / / \u2 — Ui\dxdT, fortG[ 0 ,r]. 


0 ^0 


Proof: Take a function p{x) G C°°{R) such that 

f 0, x < 0, 

p{x) = I exp[^exp 0 < X < 1, 

I 1, X > 1. 

Clearly, 0 < p{x) < 1 and p'{x) > 0. For any given e > 0, let Pe{x) = p(f )• Set 

1 


W = 

m 


Then tc > 0 iff M 2 > Mi. Thus 


{U2 - Ui)tPe{w)dx = / W^^Ps{w)dx+ {u^ - U^)pe{w)dx 


< ( m ™ ^°‘)Pe{w)\^=i + / {ul-u\)pe{w)dx. 

Jo 

If U 2 {l,t) > Mi(l,t), then — u^~^~^°‘)pi;{w)\x=i < 0 (owing to a > 2 — m). If 

M 2 (l,t) < Mi(l,t), then ty| 3 ;=i < 0 and therefore, Pe{w)\x=i = 0. Thus we always have 


[u 


m—l+a _ ^,771—1+0: 

1 


M™ )Pe{'w)\x=i < 0 and 


( m 2 - Ui)tPeiw)dx < {u^- U^)pe{w)dx. 


(2.7) 


Since lemma 3.1 of [9] shows 


d 


{u - u)tPe{w)dx — [u-u]+dx, 


as e —> 0, 


thus. 


1 pt 


[u2 — Ui]+dx< / [^20 — Mio]+<^2: + / / [u2 —u^]+dxdT, fortG[ 0 ,r] 


0 Jo 
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( 2 . 8 ) 


in which, [u — v\j^ = max('u — h, 0). Similarly, 


1 pt 


[u 2 — ui]-dx< / [u 2 o — uio\-dx + / / [u 2 — Ui]-dxdT, fortG[0,r] 


0 ^0 


(2.9) 

where, [u — «]_ = — min(w — h, 0). By (2.8) and (2.9), we know that the lemma is true. 


3 Proof of the Theorem 


We prove our theorem by two steps. 

STEP 1 In this step, we assume that 0 < Uq < M and Uq is smooth enough, 
uox\x=o = 0, {uox + Uq)\x=i = 0. We will prove that there exists a unique global smooth 
solution of (1.1). 


For any given T > 0, we consider the problem (1.1) on Gt- Make two smooth functions 
as the following ([9], p.997): 



' 1(2M)™-1, 

r > 2M, 



monotone, 

M < r < 2M, 


h{r) = < 

j,m—l 

6 <r <M, 



monotone, 

0 < r < 5, 




r < 0. 



' i(2M)"^-2, 

r > 2M, 



monotone. 

M < r < 2M, 


g{r) = 

j,m—2 

6 <r <M, 



monotone 

0 < r < 6, 



. 26^-^fir), 

r < 0. 


Where, 0 < 5 < min Un(x), M > M. M and 6 

are to be determined, /(r) G Cf^iR) 

o< 

xG[0,1] 




/(r) < 1 and 





f 1 

r < 1, 



■f*’') = 1 o! 

r > 2. 


Consider the following problem 



( Wt = h{w)wxx + {m - l)g{w){ 

Wx)'^ + w^, 0 < x < l,t > 0, 


\ '^x\x=0 0 

: '^x\x=l 

- tc t > 0, 

(3.1) 

II 

O 

o 


0 < a; < 1. 
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We first set 


S = 6o = - min Uo(x), M = Mq = 2M. 

2 a;e[ 0 ,l] 

The standard parabolic equation theory (0 ,Th.7.4) assumes the existence and uniqueness 
of 

Wo{x,t) E 

for some ^ E (0,1), solution of (3.1). By the continuity of Wo{x, t), there is a to > 0, such 
that 

So < Wo < Mo, for {x,t) E Gto- 


Let 


To = sup {to\ 5o<wo< Mo, (x, t) E Gto} . 

Thus by the dehnition of h{r) and g{r), wo is a solution of (1.1) on Gtq-, or 


Wo = u. 


for t E [0,To]. 


Moreover, lim \u — Uo\dx 

t — 

Next, we set 


0 . 


5 = = ^min{[r7'j + C't( 1+ To ")]-,ho}, 

M = Ml = 2max(2M, Co). 


( 3 . 2 ) 


Where, 


rj = [{a + m — 2)T + 


u, 


2—m—a 
0 


dx] i-m-a , 


For (ii and M, there also exists a unique solution of (3.1) Wi{x,t) E 
and a point C such that 


<^1 < < Ml, 


for (x, t) E Ci^. 


Let 


Ti = sup{fi| Si < wi < Ml, {x,t) E Gti} . 


Thus Wi is a solution of (1.1) on C^i, or 


Wi = u, for t E [0,Ti]. (3.3) 

Clearly, using the lemma 2 of [B], we know Tq < Ti. 

We end this step by showing that Ti = T. By the dehnitions of Ti, Mi and 5i, there 
is a point Xi G [0,1] such that 


u(xi,Ti) = Ml, 


(3.4) 



or 

u{xi,Ti) = 5i. (3.5) 

If Ti < T, then by lemma 1, we have 

u{x,Ti) < Co, for xG [0,1]. (3.6) 

Since Co < Mi, so (3.4) contradicts (3.6). On the other hand, since Ti < T, lemma 3 
implies 


u{x,Ti)dx > [{a + m 


> [{a + m 

= h- 



Thus there is a X 2 G [0,1] such that u{x 2 ,Ti) > 77 . Using lemma 2 and its Corollary we 
have 

, X ^ , X .. lx 

u<i{x,Ti) < wj {x2,Ti) + Cti{ 1+ Ti 2 ) 

m ^ 1 ^ 

< r]<i + C't(1 + To 2 ). 


Hence, 

u{x,Ti) > [t]^ +Ct{1 + To~^)]^ 

> 26i, for xG [0,1]. (3.7) 

Clearly, (3.7) contradicts (3.5). Thus, Tj = T and 

Wi = u{x,t), for (x, f) G Gt- 

Therefore, u{x,t) is a solution of (1.1) on Gt- The bootstrap argument (|5]) shows that 
u G C°°{Gt)- Recalling from the arbitrariness of T, we know that this step is complete. 


STEP 2 Assume uo be as (1.2). We will prove that the conclusions of the theorem 
are valid. 


For 0 < 5 < ^, let 


Uo, 

0 , 


X G [26,1 - 25], 
X G [25,1 - 25], 


and 


U 06 = 5-1-5°"x^{1 — x) + / UQ{y)J{x — 5y)dy. 
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Where, J is a smooth averaging kernel. Clearly, uqs satishes the conditions of STEP 1 
and 


lim ||mo5 - mo||li(o,i) = 0- 
()—>-0 

For any given T > 0, we consider the problem 

Ut = + vP, 

^a;|x=0 0) ^a;|x=l U , 

u\t=o = UoS, 


0 < X < 1,0 < t < T, 
0<t<T, 

0<x<l. 


STEP 1 assures that there is a smooth solution us G C°°{Gt) H ^"([0) ^]; 1)) 


us{x,t)dx> / uos{x)dx 


u 


m—l+a 


(l,r)dT, 


for t e [0, T]. 


(3.8) 

Recalling from Uosdx —)■ Uq as 6 —)■ 0, hence we know that there are and to such 
that 


us{x,t)dx > ^tto, for 6 G (0,(5o), t G [0,2fo]- (3.9) 

For any given r G (0, 2fo], lemma 1 and lemma 2 and Arzela’s theorem assure the existence 
of subsequence {us^{x,t)} and a function u*{x,t) such that 



lim usi^{x,t) = u*{x,t), uniformly on x G [0,1] (3.10) 


for t G [r,2to]- On the other hand, (3.9) implies that for any 6 G (0,5o); there is a 
point (x 3 ,t) such that 


us{x 3 , t) > -uo, for t G [r, 2fo]. 


(3.11) 


By lemma 2, 


Us {x,t) < {X3,t) + Ct{1 + t 2) 

m ^ 

< m/(X 3,f) + C't( 1+ r"2), 


for (x, t) G [0,1] X [r, 2to 


Using (3.11), 


u&{x,t) > [(y)'J + C't( 1 + r 2 )]m 


> 0 , 


for (x, f) G [0,1] X [r, 2fo]- (3-12) 
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Set 


A 

B 


u 


m—1 


5 

4(m 




1 ) m 


.f + nf’ 


&■ 


Thus lemma 2 and (3.12) imply that there is a positive constant ji which doesn’t depend 
on 5 G (0, 5o) such that 


0 < v4 < /z, \B\ < jjL, for (x,t) E [0,1] x [r, 2to]- 


Notice that us satishes the linear equation 

+ B. 

ot ox^ 

For any £ G (0,^), [3](p.l04) shows that there are positive constants h,!/ and C, which 
don’t depend on h G (0, ho), such that 

\us{x,t2) - Us{x,tl)\ < C\t2 - tX, 

for ti, t 2 G [r, 2fo], |ti — t 2 \ < I'yX E [e, 1 — ej. Certainly, we also have \us^.{x,t 2 ) — 
usf.{x,ti)\ < C\t 2 — ti\^. Letting 6k —)■ 0 yields 

\u*{x,t2) - u*{x,ti)\ < C\t2 - ti|^, 


for ti, t 2 E [r, 2to], |ti — ^ 2 ! < G [e, 1 — e]. Thus, for any given x G (0,1), 
u*{x,t) is continuous with respect to t G [r, 2fo]- On the other hand, lemma 2 implies 
that there is a positive constant K such that \usf.\ < K on {x,t) £ 2to] x [0,1], so 
\usf.{x 2 ,t) ~ < K\x 2 — Xi\. Letting Sk —> 0, we have 

\u*{x 2 , t) — u*{xi, t)| < K\x 2 — Xi| uniformly on Xi, X 2 G [0,1], t G [r, 2fo]- 


Now we have u* E (^([0,1] x [r, 2fo]) and u*(x, t) > 0 for (x, t) E [0,1] x [r, 2fo]- By lemma 
5 of [2], we know that u* satisfies the equation and the boundary conditions of (1.1). 
Clearly, u* E C([r, 2fo]; L^(0,1)). Because r > 0 is arbitrary, so u* E C((0, 2fo]; T^(0,1)). 

To show that u* is a solution of (1.1) on G 2 to, we want to prove ||m* — wolUpo,!) —^ 0 
as t —> 0. 

For any 6k , 6k+j , lemma 4 implies 


“4 


USk+jh^O,!) 


< ||mo4 “ “04+Jxi(0,i) + Ikl “ 

< 11^04 - Mo||l1(0,1) + \\uos^+j - Mo||l1(0,1) 

^ Jo ~ '^k+j\\LH 0 ,i)dT, for f G (0, 2fo]. 
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Letting j — > oo yields 

||w 4 -“*lki(o,i) < 11^*04-“0IILi(o,i)+ / \\'^^5^-u*^\\LHo,i)dT, forte ( 0 , 2 to]. 

Jo 

Notice that 

II~ %||l1(o,i) ^ ll'f^* ~ '^4 ||l1(o,i) + ||'*^4 “ %4IIl1(o,i) + ll'^04 “ %I|l1(o,i) 

< 2||'Uo 4 “ %lki(o,i) + ll'“4 ~ '“o4IUmo,i) 


+ / ll«4 - U*P\\L^0,l)dT, 


for t e (0, 2to]- 


Thus, 

Letting Sk —> 0 shows 

Next, we consider the problem 


^liin^ llri* — "UoIIlPo,!) < 2 ||mo 4 ~ '^olUpo,!)- 


^lim^ ||m* - rto|Ui(o,i) = 0. 


Ut = (k™ ^U^)x + 

^x|a:=0 0) ^3;|a;=l ^ ; 


0 < X < 1, to < t < T, 
to < t < T, 

0 < X < 1. 


(3.13) 


Since u*{x,to) > 0 and u*{x,to) is smooth enough for x e [0,1], the conclusion of STEP 
1 shows that there is a function u** to solve (3.13). Now we define a function 


m(x, t) = 


u 

u* 


t e [0, to], 
t G [^0,^]- 


Clearly, w is a solution of (1.1) in Gt and the bootstrap argument ([S]) shows u G C°°{Gt)- 
To end the proof of our theorem, we assume 


ti(x, t) = 
u{x, t) = 


in which, u and u are two solutions corresponding to initial values Uio and U 2 o- Thus 
lemma 4 shows 


Mil, 

t e [0,t*], 

Mi2, 

t e [t*,r] 

M21, 

t e [o,t*]. 

M22, 

t e [t*,r] 


1^21 — 'Uii||li(o,i) < ||'*^20 — Wio||li(o,i) + / II'^21 ~'^11 IUmo,i)<^' 7‘, fortG[0,t*]. 
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By lemma 1, Uij are bounded on Gt for i,j = 1,2. Hence we can set t* small enough 
such that 


1^21 — nii||/,i(oy) < 2||n2o ~ "^^101^1(0,1)) fortG[0,t*]. (3.14) 


Notice that (2.7) yields 

-t 

dt In 


in which, 


U 22 — Uuldx < / 1^22 ~ u{2\dx 

Jo 

< [ \u 22 -Ui2\LH0,l)dx, 


C = min (ni 2 ,M 22 ) 
(x,t)e[o,i]x[n,T] 

> 0 . 


for t e [t*,T], 


Using (3.14) we have 

11^22 — ^il2||Ll(0,l) < {\\^22 — Wl2||Ll(0,l))t=t*e^^ ^ 

< 2||n20 - for t e [fo,T]. 

(3.15) 

It follows from 0 < |) < 1 that < 1. Combining (3.14) and (3.15) yields (1.3), the 

uniqueness of the solution is followed immediately. 


The author is pleased to express his gratitude to Prof. Li Ta-tsien for his valuable 
guidance. 
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